Abstract. This is a short note on generalized G2-structures obtained as a consequence of a T -dual construction given in [6] . Given classical G2-structure on certain seven dimensional manifolds, either closed or co-closed, we obtain integrable generalized G2-structures which are no longer an usual one, and with non-zero three form in general. In particular we obtain manifolds admitting closed generalized G2-structures not admitting closed (usual) G2-structures.
Introduction
Generalized G 2 -structures were introduced by Witt [11] with the intention of generalizing the classical concept of G 2 -structure defined by a 3-form ϕ [9] . A generalized G 2 -structure on a 7-dimensional differentiable manifold M is a reduction from the structure group R * × Spin (7, 7, ) of the principal bundle T M ⊕ T * M to G 2 × G 2 . This reduction determines a generalized metric and a 2-form on M , which split T M ⊕ T * M into submodules with positive and negative definite metrics. Therefore there is associated a pair of spinors Ψ ± in the irreducible spin representation ∆ = R 8 of Spin (7) . The G 2 × G 2 invariant tensor Ψ + ⊗ Ψ − ∈ ∆ ⊗ ∆ can be considered as a differential form on M , so it induces elements (Ψ + ⊗ Ψ − ) even/odd corresponding to the even and odd degrees [11] . Up to a B-field transformation and a dilaton we have (see also [8] )
where α is a unit 1-form, ϕ is a 3-form and the parameters s, c correspond, respectively, to the sine and cosine of the angle between the spinors Ψ ± ; in particular s 2 + c 2 = 1. Let H be a 3-form on M . A generalized G 2 -structure defined by the spinors ρ,ρ as above, is called strongly integrable with respect to H if
where d H · = d · +H∧ is the twisted operator of d. The generalized G 2 -structure is called weakly integrable of odd (resp. even) type if
for some non-zero constant λ. The real number λ is called the Killing number. An usual G 2 -structure ϕ on a 7-manifold induces a generalized G 2 -structure on M . In this case Ψ + = Ψ − and s = 0, therefore the even and odd spinors are given by
When H is zero, we see that the generalized structure is strongly integrable (1) if and only if the usual G 2 is parallel, that is, ϕ is closed and co-closed. Instead, weak integrability of odd type cannot occur for usual G 2 -structures, independently of H (see [11, Page 288]). If we let H to be any closed 3-form, the only compact strongly integrable generalized G 2 are the usual parallel G 2 -structures [11] . Fino and Tomassini gave the first example of a compact strongly integrable generalized G 2 -structure for H non-closed [7] . Making an analogy with the classical case we define a generalized G 2 -structure with spinors ρ andρ to be a closed (resp. co-closed) structure if
Given a closed G 2 -structure, the generalized structure associated to ϕ is closed with respect to any 3-form H such that H ∧ ϕ = 0. To the contrary, if ϕ is co-closed, then the generalized structure is co-closed only for H = 0. In fact by (3),
Witt himself was interested in the relation of generalized G 2 -structures defined on T -dual manifolds. Recall that T -duality is a concept introduced by Bouwknegt, Evslin, Hannabuss and Mathai [2] , [3] for manifolds having the structures of principal torus bundles. According to [2] , if H and H ∨ are closed 3-forms on T -dual manifolds M and M ∨ are T -dual then there exists an isomorphism τ between the differential complexes (Ω
Therefore the integrability conditions are preserved by T -duality, thus generalized G 2 -structures on M integrable with respect to H, induce generalized G 2 -structures on M ∨ , integrable with respect to H ∨ . And vice-versa.
The aim of this short note is to contribute with further examples of integrable generalized G 2 -structures following the construction of T -duals the authors developed in [6] , together with Leonardo Soriani.
We start with an usual G 2 -structure on a seven dimensional manifold seen as a generalized G 2 with respect to certain three forms H. In the dual manifold to the given one we obtain an integrable generalized G 2 which is no longer an usual one, and with non-zero three form in general. Our previous work focuses on invariant structures on compact quotients of solvable Lie groups by discrete subgroups. So this framework maintains here and we develop the examples at the Lie algebra level.
In [6] we indicated how duality would contribute with the study of symplectic structures by dualizing generalized complex structures. A similar spirit is pursued here, but in this case we work directly with the spinors defining the generalized structures. In this manner we are able to present manifolds admitting closed generalized G 2 -structures not admitting closed (usual) G 2 -structures. This note was motivated by the papers of Witt, Fino and Tomassini [7, 11] .
Lie algebras and infinitesimal duality
We briefly recall the concept of duality of Lie algebras [6] .
Let g be a Lie algebra together with a closed 3-form H. Let a be an abelian ideal of g, we say that the triple (g, a, H) is admissible if H(x, y, ·) = 0 for all x, y ∈ a. Notice that when dim a = 1 then any closed 3-form gives an admissible triple.
In this case, denote n the quotient Lie algebra and q : g −→ n and
is a Lie subalgebra and the following diagram is commutative
Here p and p ∨ are the projections over the first and second component, respectively. A 2-form F ∈ Λ 2 c * is said to be non-degenerate in the fibers if for all x ∈ k = {(x, 0) ∈ c : x ∈ a}, there exists some y ∈ k ∨ = {(0, y) ∈ c : y ∈ a ∨ } such that F (x, y) = 0. Such an F exists if and only if dim a = dim a ∨ .
Definition. Two admissible triples (g, a, H) and (g ∨ , a ∨ , H ∨ ) are said to be dual if g/a ≃ n ≃ g ∨ /a ∨ and there exist a 2-form F in c which is nondegenerate in the fibers such that
The dual of a given admissible triple always exists and its construction is described in the following result.
Theorem 2.1. [6] Let (g, a, H) be an admissible triple with a a central ideal and let {x 1 , . . . , x m } be a basis of a. Define
. . , z m } is a basis of a ∨ and δ is the basic component of H.
is an admissible triple and is dual to (g, a, H). , H) , then there exist a basis {x 1 , . . . , x m } of a and a basis {z 1 , . . . , z m } of a ∨ such that the formulas above hold.
Here (g/a) Ψ ∨ denotes the central extension of g/a by the closed 2-form Ψ ∨ (see [6] for details).
G 2 and SU (3)-structures on Lie algebras were treated by several authors. In our context, the main references are the work of Conti, Fernandez, Fino, Manero, Raffero and Tomassini (see [5, 7, 10] To continue, we consider Lie algebras g endowed with G 2 -structures and with non-trivial center. We consider central ideals in g and their dimensions is what we call the dimension of the fiber, having in mind a possible torus bundle structure on the Lie group associated to g. After fixing a closed 3-form giving integrability of the usual G 2 -structure, we compute the dual triple and the generalized G 2 -structure arising on it.
One dimensional fiber
Let g be a Lie algebra with non-trivial center and let a be a one dimensional central ideal. Fix a generator x ∈ a and let g = a ⊕ h be an orthogonal decomposition with respect to the metric induced by ϕ. Let ϕ be a G 2 -structure on g, then if α is the dual element to x we have ϕ = α ∧ ω + ψ + , with ι x ω = 0 and ι x ψ + = 0.
Up to a normalization of coefficients, the forms (ω, ψ) define an SU (3)-structure on n = g/a [1, 5] .
The spinors associated to the generalized G 2 -structure induced by ϕ are given by (3):
Any closed 3-form H in g makes (g, a, H) an admissible triple, since dim a = 1. According to Theorem 2.1, the dual triple is (g ∨ , a ∨ , H ∨ ) where g ∨ is the central extension of n by ι x H. Explicitly, g ∨ = Rz ⊕ n and the Lie bracket of g ∨ satisfies
Letα be the 1-form such thatα(z) = 1 andα(n) = 0, then the closed 3-form on g ∨ is H ∨ =α ∧ dα + δ where δ the basic part of H. Note that H = 0 if and only if dα = 0 which means that Rx is not a direct factor of g. The 2-form F ∈ Λ 2 c * giving the duality on the correspondence space is given by F =α ∧ α.
The dual spinors ρ ∨ andρ ∨ are given by (see [4] )
Explicitly, we obtain
Remark. The spinors above correspond to a generalized G 2 -structure associated to the SU (3)-structure (ω, ψ + ), when one imposes the angle of the spinors to be π/2. These structures where considered in [7] .
Remark. Notice that the dual of an usual G 2 -structure is never an usual G 2 -structure, but a pure generalized G 2 . For any H as in (7), the triple (g, a, H) is a compatible triple and d Hρ = 0. Thus ρ,ρ define a closed generalized G 2 -structure with respect to H. Now we describe the dual triple.
The Lie algebra g ∨ has a dual basis {f 1 , . . . , f 7 } such that the Lie algebra differential is
Here we identify e i with f i for i = 1, . . . , 5, 7, taking into account that g/a ≃ g ∨ /a ∨ . The dual 3-form is and the dual spinorρ ∨ is, by (6),
One can check directly that d H ∨ρ ∨ = 0. Depending on the coefficients a i of H in (7), we reach non-isomorphic Lie algebras.
146 + e 236 . If H = 0 then the only non-trivial Lie brackets of
When H is as in (7) and satisfies a 4 · a 7 = 0 and a 2 3 + a 2 8 > 0 then (ι e6 σ) 3 = 0 for any closed 3-form in the dual Lie algebra g ∨ , so these Lie algebras do not admit closed G 2 -structures, but they admit closed generalized G 2 , as we showed above. where a i are real coefficients. Thus H is closed and satisfies d Hρ = d H (−ϕ + dV ) = −dϕ−H ∧ϕ = 0. Therefore, we have a closed generalized G 2 -structure with respect to H. Since ι e7 H = 0, the dual Lie algebra g ∨ is defined by the only nonzero bracket relation [f 2 , f 5 ] = −f 6 (as before we identify e i with f i for i = 1, . . . , 6). The dual 3-form is
The duality preserving the integrability, implies that d H ∨ρ ∨ = 0. Thus we re-obtained Example 5. The spinors associated to this G 2 -structure are given in (3): The triple (g, a, H = 0) with a = z(g) = span{e 1 , e 2 } is a compatible triple. And the generalized G 2 -structure is co-closed with respect to H = 0 (recall that co-closed G 2 -structures are co-closed generalized G 2 -structures only for H = 0). We shall compute the dual triple and structure.
Since ι e2 H = ι e1 H = 0, the dual Lie algebra g ∨ is the trivial extension of n = g/a, thus it has a dual basis {f 1 , . [10] give co-closed G 2 -structures on g ∨ .
